Abstract. This paper is devoted to present a numerical criterion determining when a Weil divisor of a Q-factorial complete toric variety admits a positive multiple Cartier divisor which is either numerically effective (nef) or ample. It is obtained as an easy consequence of Z-linear interpretation of Gale duality and secondary fan developed in our previous papers [12] , [11] and [10] and, as far as we know, it seems to be not already appeared in the literature. As a byproduct we get a computation of the Cartier index of a Weil divisor. As an immediate application, we give a numerical characterization of Q-Fano, Gorenstein and Fano toric varieties. Several examples are then given and studied.
Introduction
This paper is devoted to present a numerical criterion, namely Theorem 2.1, determining when a Weil divisor of a Q-factorial complete toric variety admits a positive multiple Cartier divisor which is either numerically effective (nef) or ample. It is obtained as an easy consequence of Z-linear interpretation of Gale duality and secondary fan developed in our previous papers [12] , [11] and [10] and, as far as we know, it seems to be not already appeared in the literature. As an immediate application, we give a numerical characterization of Q-Fano toric varieties (see Theorem 3.1).
Let us first of all recall that, in the literature, there are essentially three ways of presenting a Q-factorial complete toric variety X of dimension n:
(1) by giving a rational simplicial complete fan Σ of cones in N ⊗ R ∼ = R n , with N ∼ = Z n : our hypothesis allows us to present Σ by means of the n-skeleton Σ(n) of its maximal cones and thinking of Σ as the set of all the faces of cones in Σ(n); (2) by means of a Cox geometric quotient (C n+r \ Z)/ Hom(Cl(X), C * ), along the lines of [6] , where r turns out to be the Picard number (in the following called rank ) of X; (3) by means of a suitable bunch B of cones in F r R = Cl(X) ⊗ R, as presented in [3] .
In the first case (1) we will denote by V the n × (n + r) integer fan matrix whose columns are given, up to the order, by the primitive generators of 1-dimensional cones (rays) in the 1-skeleton Σ(1). In the second case (2) the action of G(X) := Hom(Cl(X), C * ) can be described by means of a couple (Q, Γ) of matrices such that Q is an integer and positive (meaning that it admits only non-negative integer entries) r ×(n+r) matrix Q in row echelon form (REF, for short) and Γ is a torsion matrix, as explained in [11, Rem. 4.1] . In the following Q is called a weight matrix of X, while we do not deal with the torsion matrix Γ, whose definition is then skipped. In the simplest case of rank r = 1, X is always given by a finite abelian quotient of a weighted projective space (so called a fake WPS) [2] , [5] , Q gives the weight vector of the covering WPS and Γ describes the finite abelian quotient. For higher values of r, X turns out to be a finite abelian quotient of a poly weighted space (PWS, for short) [11, Thm. 2.2] , Q gives the weight matrix of the covering PWS and Γ describes the finite abelian quotient. In the third case (3) the intersection of all the cones in the bunch B turns out to give the Kähler cone Nef(X) ⊆ F r R : in particular X is projective if and only γ = Nef(X) is full dimensional and also called a chamber of the secondary (or GKZ) fan.
A torus invariant Weil divisor on X is standardly given by writing
where for every ray ρ = v j ∈ Σ(1), v j is the corresponding column of the fan matrix
is the closure of the torus orbit of the ray ρ and a j = a ρ ∈ Z. The easiest known way of detecting if a positive multiple kD is a Cartier nef (ample) divisor is that of computing the associated polytope ∆ D ⊂ M ⊗ Q, where M = Hom(N, Z), and checking (a) if the number of distinct vertices of ∆ D coincides with the cardinality of the n-skeleton |Σ(n)|,
(see e.g. [9, § 2.3] ). The application of such a criterion, although trivial by the theoretical point of view, is always not immediate from the computational point of view. In fact one needs to:
I. listing all the cones σ ∈ Σ(n) , II. for every σ ∈ Σ(n) determining the (unique) m σ ∈ M ⊗ Q such that
convex (strictly convex) polyhedron.
In particular the last step IV may be quite intricate from the computational point of view. Moreover the first step I is immediate if X is presented as in (1), by means of its fan: otherwise one has first to determining the fan of a toric variety presented either as in (2) or (3).
The ampleness criterion we are going to propose in this paper is completely based on the weight matrix Q of X. Let us first of all recall that, on the one hand, a weight matrix of X can be computed, starting from a fan matrix V , looking at the bottom r rows of a switching matrix U ∈ GL(n + r, Z) such that H = U · V T gives the Hermite Normal Form (HNF) of the transposed fan matrix V T [12, Prop. 3.5] : the advantage of this approach is that both H and U are computed by many computer algebra packages. Under our hypothesis we can always assume Q to be a positive and REF matrix [12, Thm. 2.19 ]. On the other hand a maximal cone σ ∈ Σ(n) can be identified with a maximal rank n × n submatrix V I of the fan matrix V , assigned by all the columns of V generating some ray in σ(1): in particular I = {i 1 , . . . , i n } ⊂ {1, . . . , n + r} denotes the position of those columns inside V . We will also write σ = σ I = V I . Let us denote by Q I the r × r Gale dual submatrix of Q given by all the columns of Q indexed by the complementary subset {1, . . . , n + r} \ I of I. Denoting by Q I the cone generated by the columns of Q I inside the positive orthant F r + ⊂ F r R , one gets that rk(Q I ) = r if and only if rk(V I ) = n, which is that Q I is a r-dimensional cone if and only if V I is a n-dimensional one [12, Thm. 2.2, Cor. 2.3]. This fact establishes a linear algebraic correspondence between the set of maximal cones Σ(n) of Σ and the associated bunch of cones B Σ by setting
Given as above a torus invariant Weil divisor D = n+r j=1 a j D j , identify D with the column vector a = (a j ). The ampleness criterion given by Theorem 2.1 can then be summarized by:
i. listing all the submatrices Q I of Q such that Q I ∈ B Σ , ii. computing inverse matrices (Q I ) −1 , iii. checking that (Q I ) −1 · Q · a is a r-vector with (strictly) positive rational entries Steps i and I are theoretically and computationally equivalent: I is certainly advantageous than i when starting from a fan Σ as in (1) , but the converse is true when starting from either a quotient or a bunch, as in (2) and (3), respectively. Anyway steps ii and iii are significantly easier and more efficient than steps II, III and IV. The latter holds even if X is presented by a fan Σ, since determining the weight matrix Q from a fan matrix V and the bunch B Σ from Σ(n) is procedurally well determined by Z-linear Gale duality, as explained above. Not the same can be said for what concerns the study of a polyhedral convexity, as in IV. As a consequence of [11, Thm. When this criterion is applied to the anticanonical Weil divisor −K X = j D j one immediately gets a numerical criterion for detecting if a given Q-factorial complete toric variety X is either Q-Fano or Gorenstein or even Fano: this is done in § 3. The conclusive § 4 is devoted to check when examples whose geometric structure has been studied in [10] give Gorenstein and (Q)-Fano varieties, eventually up to a toric flip.
Preliminaries and notation
In the present paper we deal with Q-factorial complete toric varieties associated with simplicial and complete fans. For preliminaries and used notation on toric varieties we refer the reader to [12, § 1.1]. We will also apply Z-linear Gale duality as developed in [12, § 2] . Every time the needed nomenclature will be recalled either directly by giving the necessary definition or by reporting the precise reference. Here is a list of main notation and relative references:
1.1. List of notation. Let X(Σ) be a n-dimensional toric variety and T ∼ = (C * ) n the acting torus, then if s = 1 then this cone is also called the ray generated by v 1 ; strictly positive (> 0) a matrix (vector) whose entries are strictly positive.
. . , v n+r ⊆ N R denotes the cone generated by the columns of V ;
is the set of all rational simplicial fans Σ such that
+ is a Gale dual cone of V : it is always assumed to be generated in F A n-dimensional Q-factorial complete toric variety X = X(Σ) of rank r is the toric variety defined by a n-dimensional simplicial and complete fan Σ such that |Σ(1)| = n + r [12, § 1.1.2]. In particular the rank r coincides with the Picard number i.e. r = rk(Pic(X)).
Definition 1.2 ([12], Def. 2.10
). An F -matrix is a n × (n + r) matrix V with integer entries, satisfying the conditions: A CF -matrix is a F -matrix satisfying the further requirement e) the sublattice The fact that Γ is actually a fan is a consequence of the following Theorem 1.6. If V is a F -matrix then, for every Σ ∈ SF(V ),
(1) Q = Eff(X(Σ)), the pseudo-effective cone of X, which is the closure of the cone generated by effective Cartier divisor classes of X [7, Lemma 15. 
For the following it is useful to understand the construction of such a correspondence. Namely (compare [7, Prop. 15 
.2.1]):
• after [3] , given a chamber γ ∈ A Γ let us call the bunch of cones of γ the collection of cones in F r + given by
• it turns out that β∈B(γ) β = γ , • for any γ ∈ A Γ (V ) there exists a unique fan Σ γ ∈ PSF(V ) such that
• for any Σ ∈ PSF(V ) the collection of cones
is the bunch of cones of the chamber γ Σ ∈ A Γ given by γ Σ := β∈BΣ β.
Then the correspondence in Theorem 1.7 is realized by setting
As a final result let us recall the following
taking the cones
to the cones
In particular, calling d : W T (X(Σ)) → Cl(X(Σ)) the morphism giving to a torus invariant divisor D its linear equivalence class d(D), we get that a Weil divisor D on X(Σ) admits a nef (ample) positive multiple if and only if
where Relint denotes the interior of the cone γ Σ in its linear span).
A numerical ampleness criterion
Let V = (v 1 , . . . , v n+r ) be a n×(n+r) F -matrix and Q = G(V ) = (q 1 , . . . , q n+r ) be a Gale dual REF positive W -matrix. Let Σ ∈ SF(V ) and consider the Qfactorial complete toric variety X(Σ). Recall that, calling W T (X) the Z-module of torus invariant Weil divisors, the transposed fan matrix V T and the Gale dual matrix Q = G(V ) are representative matrices of the morphisms giving the following standard exact sequence I · Q · a ≥ 0 (> 0) i.e. it has positive (strictly positive) entries. In particular, if the chamber γ Σ ⊆ Mov(V ) is a r-dimensional simplicial cone then its generators determine a maximal rank r × r matrix G and condition (4) admits the following shortcut:
Moreover the Cartier index of D is given by the least common multiple of denominators in either a I , for every I ∈ I Σ , or a Σ , respectively. In particular D is a nef (ample) divisor if and only if either (4) or (5) hold and either a I , for every I ∈ I Σ , or a Σ , respectively, have integer entries.
Proof. Recall Prop. 1.8 and in particular that γ Σ = Nef(X(Σ)) ⊆ Q. Since X is Q-factorial, a suitable positive multiple of D is a Cartier divisor which is a nef (ample) divisor if and only if Q · a ∈ γ Σ (or ∈ Relint(γ Σ ), respectively). Notice that
and observe that the i-th row of the inverse matrix Q
−1 I
gives a (rational) inward normal vector to the facet of the simplicial cone Q I determined by the r − 1 columns of Q I different from the i-th one. The same argument holds for the matrix G when it is a r × r maximal rank matrix, which is when the chamber γ Σ is a simplicial cone.
For the last part of the statement, recall that [11, Thm. 3.2(2)]
To ending up the proof, notice that Q · a ∈ L c (Q I ) if and only if a I has integer entries.
A numerical characterization of Q-Fano toric varieties
As an application of the previous Theorem 2.1 one easily gets a quite effective numerical characterization of Gorenstein and (Q)-Fano toric varieties whose existence in the literature we are not aware.
In this context a Q-Fano toric variety is a Q-factorial complete toric variety X(Σ) whose (Weil) anti-canonical divisor −K X = n+r j=1 D j admits an ample positive multiple −mK X . Hence X is projective. If m = 1, i.e. −K X is ample, X(Σ) is a Fano variety. In particular X is Gorenstein if K X is Cartier.
Let V be a n×(n+r) fan matrix of X(Σ), i.e. V is a F -matrix and Σ ∈ PSF(V ). Let Q = G(V ) be a Gale dual, positive, REF W -matrix of X.
Theorem 3.1. In the above notation the following are equivalent:
(1) X(Σ) is a Q-Fano toric variety, (2) for every I ∈ I Σ the column vector
i.e. it has strictly positive entries. In particular, if the chamber γ Σ is a rdimensional simplicial cone whose generators determine the maximal rank r × r matrix G then the previous condition admits the following shortcut:
Moreover X is Gorenstein if and if either w I , for every I ∈ I Σ , or w Σ , respectively, have integer entries and X is Fano if and only if, in addition, also the previous conditions in (2) hold.
A finite surjective morphism ϕ : Y → X of Q-factorial complete toric varieties is called a covering in codimension 1 (or simply a 1-covering) if it is unramified in codimesion 1, which is there exists a subvariety V ⊂ X such that codim X V ≥ 2 and ϕ| Y V is a topological covering, where
Moreover a universal covering in codimension 1 is a 1-covering ϕ : Y → X such that for any 1-covering φ : X → X of X there exists a 1-covering f : Let us observe that a similar statement does no more hold for any abelian covering Y X: e.g. it does not hold for a toric cover, in the sense of [1] and [10, § 3.2.2], since the weight matrices of the basis X and of the covering Y are no more the same. A counterexample is given by X(Σ 10 ) 72:1 −→ P W (E) in Example 4.6 below.
Examples
We conclude this paper by giving concrete applications of theorems 2.1 and 3.1. At this purpose we analyze all the examples presented in [10] . Example 4.1. [10, Ex. 3.31] Consider the 2-dimensional PWS of rank 2 whose weight and fan matrices are, respectively, given by
, and there is a unique chamber γ = Mov(V ), giving a unique fan Σ γ . Therefore
and X is a Fano toric variety. 
One can visualize the Gale dual cone Q = Q = F Fig. 1 . [8] gives that PSF(V ) = SF(V ) and the latter is described by the only two chambers of Mov(V ) represented in Fig. 1 , so giving PSF(V ) = SF(V ) = {Σ 1 = Σ γ1 , Σ 2 = Σ γ2 }. divisor turns out to be a nef and no ample divisor: hence no fans in SF(V ) give a Q-Fano toric variety. Anyway X(Σ i ) turns out to be Gorenstein, for both i = 1, 2. This fact can be deduced also by observing that both the chambers are simplicial and 
The new weight column introduces a further subdivision in Q = F meaning that, on the one hand, the anti-canonical class gives an internal point of the cone q 3 , q 5 , q 6 = γ 3 + γ 4 and, on the other hand, it gives a point lying on the wall passing through q 1 and q 5 (see Fig. 2 ). Therefore −d(K X ) is a point on the wall separating chambers γ 3 and γ 4 and the anti-canonical divisor −K X turns out to be a nef no ample divisor for X(Σ 3 ) and X(Σ 4 ). Moreover −K X is not even a nef divisor for X(Σ 1 ) and X(Σ 2 ). Then no fans in SF(V ) give a Q-Fano toric variety. Such a conclusion can be numerically obtained by observing that all the four chambers are simplicial and 
Then PSF(V ) = SF(V ) = {Σ} and the unique simplicial complete fan Σ is associated with the unique chamber γ = Mov(V ) ⊂ Q which is not a simplicial cone (see Fig.3 ). We have then to apply the first condition of Thm. 3.1 (2) . Calling Σ = Σ γ , we get I Σ = {{1, 2, 4}, {2, 4, 5}, {1, 3, 4}, {1, 3, 5}, {2, 3, 5}} and
giving that X(Σ) is a Fano toric variety. 
meaning that X(Σ γ ) is a Fano toric variety and that the anti-canonical divisor −K X is not even a nef divisor for any other fan Σ ∈ SF(V ) different from Σ γ . 
